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Representation varieties

X = connected closed manifold
71(X) = fundamental group

G = algebraic group over k

Xa(X) = Hom(m(X),G) G-representation variety of X




When C complex projective curve

MB(C7 G)
Riemann—HV win—Kobayashi
Mpr(C, G) < > Mpol(C, G)
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E-polynomial e(X) = Z,W(I(—l)’~C hEPA(X) uPv? € Zlu, vl
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Goal: find class of X5 (X,) in K(Vary,)
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Goal: find class of X5 (X,) in K(Vary,)

m Counting points over finite fields
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Goal: find class of X5 (X,) in K(Vary,)

m Counting points over finite fields

m Geometric method = Topological Quantum Field Theories
(TQFTS)
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Idea: cut manifold in pieces and ‘compute invariant piecewise’

5, = @o@o...o@o®

g times
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More precisely, want a functor Z : Bdp,, — K(Vary)-Mod
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More precisely, want a functor Z : Bdp,, — K(Vary)-Mod

Bordism category Bdp,,

m Objects (M, A)

m Morphisms (W, A)
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More precisely, want a functor Z : Bdp,, — K(Vary)-Mod

Bordism category Bdp,,

m Objects (M, A)

m Morphisms (W, A)

Examples in dimension n = 2:

-, i
\

Dt (8',%) - @ L:(S', %) — (S, %)
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Bdp,, SN Span(Vary,) 2, K(Vary)-Mod
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Bdp,, AN Span(Vary,) N K(Vary)-Mod

m Define F(M, A) = X (M, A)

m Given (W, A) : (M1, A1) — (Ma, As), define

.F(W,A) xG’(MlaAl) — %G(W,A) E— %G(MQ,AQ)

m Define Q(X) = K(Var/X)

m Define Q(X < Z &5 v) =g o f*
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Useful: Z produces invariants

J.T. Vogel Representation varieties & TQFTs 6 November, 2020 9/19



G < G* s G

F(L):
B +——— (B,Al,AQ,C) — CB[Al,Ag]C_l
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N : (St %) = (S, %)

G < G s G
B «— (B,A,C) —— CBA%*C!

F(N):
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So Z(L),Z(N) are maps K(Var/G) — K(Var/G)

Xa(%,)] = ﬁ 2(DY) o Z(L)Y o Z(D)(1)
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Computed

Z(L) for G = Uy, Us, Uy and Z(N) for G = Us, Us
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*(g—1) ¢*(q—2)

For G = Uz, we have Z(L) =
?g-2)(a—1) (> 3¢ +3)
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*(g—1) ¢*(q—2)

For G = U, we have Z (L) = 9 2/,2
¢“(q—2)(¢—1) ¢“(¢° —3q+3)

For G = U3, we have Z(L) =

la-D*(¢*+q—1) @ (a-2) Fla-2)(g-1) a2 (g—1) (@-1°@+1)
Fla-27 -1 PP -30+3°  Ple—2 -0 -30+3) Cla—2)(a—1)(¢ —3¢+3) ¢ la—2(a—1)°
Ple-24-1° @la-2F-30+3)  ¢lg—1) (¢ —3¢+3) g2 (¢—1) ¢ lg-2)(g—1)°
Plo-2g-1)° ¢ (g—2)(F-30+3) 7 le—2) (g 1) 7 (g = 1) (¢ — 3 +3) 7 le-2) (g —1)*
(q=1)'g+1) *lg—27(g—1) Flg—2)(qg—1)* ?lg—2)(g—1)° (=1 —g*+1)
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*(g—1) *(q—2)

For G = U, we have Z (L) = 9 2/,2
q*(¢—2)(¢—1) q¢°(¢° —3q+3)

For G = U3, we have Z(L) =

a-1*(+q-1) ¢ (a-2)° Fle-2a-1) ?la-2)(a-1) (@-1'(¢+1)
Fla-27 -1 PP -30+3°  Ple—2 -0 -30+3) Cla—2)(a—1)(¢ —3¢+3) ¢ la—2(a—1)°
Ple-24-1° @la-2F-30+3)  ¢lg—1) (¢ —3¢+3) g2 (¢—1) ¢ lg-2)(g—1)°
Plo-2g-1)° ¢ (g—2)(F-30+3) 7 le—2) (g 1) 7 (g = 1) (¢ — 3 +3) 7 le-2) (g —1)*
(q=1)'g+1) *lg—27(g—1) Flg—2)(qg—1)* ?lg—2)(g—1)° (=1 —g*+1)

For G = U4, we have Z(L) =
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Results

[Xu, (Zg)] = ¢ g — D)* (¢ —1)* " +1)

[Xu,(Zg)] = ¢*3(q — 1)* (¢*(q — 1)**!
+¢*(q—1)* 4+ ¢*(q — )™ +2¢°9 (¢ — 1))
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Stacky TQFT
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Stacky TQFT

Replace K(Var,) —— K(Stckgg)
Xa(X) — [Xa(X)/G]

to obtain Z : Bdp,, — K(Stckgg)-Mod



For G = AGL,(C) = {(g i)}

Ga/Glg(q—2) +[Gn/Gl(g+ 1)+ 1 (Ga/Gl[Gm/Glg (g —2)

[
Z(L) =
() (Ga/Glg(q—-2) [Ga/GlGm/Gla(q—2) +¢°
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E.g. forg =3,

[Xa(X3)/G

Gm/Gl(g+1) (¢ —q+1) (¢ +q+1)

|=

(Ga/Gla(q—2) (¢ —3¢+3) (> —q+1)

[

[G/Gla(¢—2)(g+1) (@ +1) (¢* =3¢ +3) (¢ —q+1)

+
+
+
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